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NUMERICAL ANALYSIS
Finite Differences:

Let y = f(x) be a function of x. when the variable x changes in arithmetical progression,
say X = Xo, X1, X2, ... where xg =a + h, Xy =a + 2h, ..., the function f takes the values yo = f(Xo),
y1 = f(x1), y = f(x2), ... . Here h is known as interval of differencing. The value of the
independent variable x is known as argument and that of the dependent variable say y = f(X) as
entry.

Interpolation & Extrapolation:

The method of estimating the value of a function for any intermediate value of the
argument from the given set of values of the function for certain values of the argument is known
as interpolation.

On the other hand, the method of estimating the value of the outside the given range

is called extrapolation.
Difference Operators:
1. Forward difference operator:

The operator A defined by Af(x) = f(x + h) — f(x) called forward difference operator
or descending difference operator.
2. Backward Operator:

The operator V defined by Vf(x) = f(x) — f(x — h) is called backward difference operator
or ascending difference operator.

3. Central difference operator:




The operator § of f(x) defined by 6&f(x) = f(x +§) —f (x - g) called central

difference operator.
4. Averaging Operator:

1

The operator uf(x) = E{f (x + g) +f (x - %)} called the averaging operator or the

mean value operator.
5. Shifting Operator:
The operator E f(x) = f(x + h), where h is the interval of differencing, is called the
shifting operator or shift operator or displacement operator or translation.
In general, E™f(x) = f(x + nh) where n is any real number.
Algebraic Properties of operators:
e Iff(x)=a, a constant then Af(x) = 0 and E f(x) = a.
o Iff(x), g(x) are two functions then 1) A [ f(x) + g(x) | = Af(x) + Ag(x)
MNE[fX) +g(X)]=Ef(X)+Eg(X) .
e Iff(x) is a function and a is a constant then 1) A[af(x) |=aAf(x) ) E[af(x)]=aE
f(x).
e If f(x), g(x) are two functions and a, b are two constants then
) Alafix) +bg(x)]=aAfix) +b A gx)
iE[af(x)+bg(x)]=aEf(x) +bEg(x).
e The operators A and E are commutative. i.e. AE = EA.
e Iff(x), g(x) are two functions then i) A [ f(x)g(x) ] =[ E f(x) JAg(x) + g(x) Af(x)
ii) Al f(x)g(x) 1 = { g)Af(x)— f(0)Ag(x) } /
g(x)Eg(x)
e If m, nare positive integers then E™ E" = E™™" .

Symbolic Relations and Separation of Symbols:

e A=F-—-1
o V=1-E1
° E:ehD

e 1+MNA-V)=1

WIS




Advancing difference formula:

If y= f(x) is a function in x then f(a + nh)A = n. f(a) + n, Af(a) + n,,A%*f(a) + -+
ne,A"f(a).
Fundamental theorem of difference calculus:

If f(x) is a polynomial of n™ degree in x, then the n'" difference of f(x) is constant and
(n+1)" difference is zero.
Factorial function:

The factorial function x™ is defined as x™ = x (x — h) (x — 2h) ... (x — (n-1)h) for n = 1,2,3,
... and x©@ is defined as 1.
If the interval of differencing is 1, then X = x (x — 1) (x—2) ... (x — (n-1)).

Interpolation with Equal Intervals

Newton — Gregory formula for forward interpolation with equal intervals:

If y = f(x) is a function which assumes the values yo , y1 , Y2 ... ¥n for (n+1) equidistant

values Xo , X1, X2, ... Xawhere Xo =a, x1 =a+h, x> =a+ 2h, ... X, = a + nh of the argument X,

then Yu = Vo + uly, + u(l;l) A%y, + —u(u—13)|(u—2) Ayo+ ..+
u(u—l)(u—zi;..(u—(n—l)) Avy, Where U = x;lxo OR
e u® u® o)
f(a+nh) = f(a) + TAf(a) + TAZf(a) + ?A?’f(a) + - A™f(a).

Newton — Gregory formula for backward interpolation with equal intervals:
If y = f(x) is a function which assumes the values yo , y1, y2 ... yn for ( n+ 1)

equidistant values Xo , X1, X2, ... XaWhere Xo =a, X1 =a+h,xc=a+ 2h, ... xn = a + nh of the

argument x, then Vu = Vo + uVy, + u(‘;rl) V2y, + WV% + ot
(u+1)(u+2)...(u+(n-1)
u(u u - (u ) Vnyn
_ X—Xn

where u = -
Gauss’s forward formula for equal intervals:

If y = f(x) is a function , which takes the values ... y2,VY1, Yo ,VY1,¥2, ...
corresponding to the values of x= ...Xo—2h,Xo—h, Xo, X0 +h,xo + 2h,...then

u(u—-1) ,o (u+Du(u-1) 53
2! Ay-. + 3! A

(u+ 1)u(1il— 1) (u-2) A4

Y1t

Yu = Yo + uly, + y_,+...Where u

X—Xo
h




Gauss’s backward formula for equal intervals:

If y = f(x) is a function, which takes the values ... y2,Vy1,Yo, VY1, Y2, ...corresponding
tothe valuesof x= ... xo—2h,Xo—h,Xo,Xo+h, X +2h,...then
Yy = yo + uby_, + (u+1)u Azy (u+1):'(u—1) A3y_2 n (u+2)(u-;|1)u(u—1) A4y_2 + . Where u
_ X—Xo
T h

Stirling’s difference formula:

If y = f(x) is a function, which takes the values ... y2,Vy.1, Yo, Vy1,Y2, ... corresponding to
the valuesof x= ... xo—2h,Xo—h, X0, X0 +h,Xo+ 2h, ...then
2 — 3 3 2 2_
Yu= Yo+ u (—Ay°+2Ay_1) + %A y_q + u(u. D (A 1:A y_z) + = (li! D A*y_, +...Wher u
— X—Xo
T n

Bessel’s difference formula:
If y = f(x) is a function, which takes the values ... y2,y1, VYo, y1,Y2, ... corresponding to

the valuesof x= ... xo—2h,Xo—h, X0, X +h,Xo+ 2h, .. .then
_ Yot)1 u(u 1) (A%y_1+A%y, u(u—%)(u—l) 3
Yu= "3 +( ——)Ay + ( 2 )+ 3! A%y +

u(u?-1)(u-2) (A4Y—2+A4Y—1) N u(u—z)(uz-l)(u-2> AS
4! 2 5! -2

.Where u= x;x".

Everett’s difference formula:

If y = f(x) is a function, which takes the values ... y2,VY1, Yo, Y1,Y2, ... corresponding to
the valuesof x = ... xo—2h,Xo—h, Xo,Xo +h, X +2h,...then
u(u—-1)(u-2)

Azy (u+1)u(u 1) Azy (u+Du(u-1)(u-2)(u-3) A4y

3! 3! 5! -2t

Yu =0 —=wy, +uy; —

(u+2)(u+Du(u-1)(u-2) A
5!

y_q + - Where u = x;x‘).

Interpolation with Unequal Intervals

Divided Differences:

Let y = f(x) be a function which assumes the values f(xo), f(x1), f(x2), ... f(xn)
corresponding to the values of Xo, X1, X2, ...xn Of the argument x, where the intervals Xo - X1, X1 -
X2, ..., Xn-1 - Xn are not necessarily equal.

The first divided difference of f(x) for the arguments xn.1, X» is defined as

f(xn_l, xn) = w

(Xn—xn-1)

The second divided difference of f(x) for the arguments Xn-2, Xn-1, Xn IS defined as




f(xn—ljxn) - f(xn—Zan—l)

(xn - xn—z)

f(xn—z'xn—l'xn) =

In general the n'" divided difference for the arguments Xo, X1, Xz, ...xn is defined as

Q1 %0, 0 x0) — (X0, X1, 0 Xp—1)
(xn - xO)

f(xO, xl, ...,xn) =

Newton’s Divided difference formula:

Let y = f(x) be a function which assumes the values f(xo), f(x1), f(x2), ... f(xn)
corresponding to the values of Xo, X1, X2, ...xn Of the argument x which are not equally spaced,
then
f(x) = f(xo0) + (X — Xo0) f(Xo, X1) + (X — Xo0) (X — X1) f(Xo, X1, X2) + ... H(X — X0) (X — X1)...(X — Xn-1)
f(Xo, X1, X2,...Xn).

Lagrange’s Interpolation formula:

Let y = f(x) be a function which assumes the values f(xo), f(x1), f(x2), ... f(xn)

corresponding to the values of Xo, X1, X2, ...xn Of the argument x which are not equally spaced,

then

G —2x)(x = x3) .. (¢ — xn) (x — x0) (x — x3) ... (x — x,)
(xo = %) (xg = x2) ... (o — xn)f(xO) * (1 — x0) (1 — x2) oo (X1 — xn)f(xl) A

(¢ = x0) (x — x1) . (Xx — Xp_1)
(xn - xl)(xn - xZ) (xn - xn—l)

Numerical Differentiation

fx) =

f(xn)

Def: Let y = f(x) be the given function. The process of evaluating the derivatives of a function
f(x) with the help of the given set of values of that function is known as numerical

differentiation.

Derivative using Newton’s forward interpolation formula:

4ud-18u?4+22u-6
4!

2u—
2!

3u?—-6u+2

1
AZ)’O + 3!

dy_l
* E_h[AyO-I_

A3y, +

Aty, + ]

d? 1 6u®-18u+11
¢ 5= E[AZYO + (u — DA%y, +%

dx?

A4y0 _|_]
(©).... = Hoo-totm 2=
d?y

Derivative using Newton’s backward interpolation formula:




dy 1 2u+1 oo 3u?+6u+2 o3 4ud+18u?+22u+6 4

. E—E[VYHJFTV)’“TV Yn t+ 2l Vyn+---]
d?y 1 6u’+18u+11

* 3= —2[ 2y, + (u+ DV3y, + TV4yn+---]

(2),., = o 27 i 2]

a’y 2, _y3 4
()., =7 =Tt vy + |
Derivative using Stirling’s formula:

dy 1 Ayg+Ay_ 3u?-1 (A3y_,+A3y_ qu3-2u
o =T ulty +— )+ Aty + ]

d?*y 1 A3y_+A3y_ 6u’-1
o e T[Ty (PRTER) £ S Ay,

(d_J’) =1 [ Ayo+dy_, 1 (A3J’—1+A3Y—2) + ]
ax/ x=x, h 2 6 2

()., =l 4 =8ty ]

Derivative using Newton’s divided difference formula:

If the values of x are not equally spaced, we use Newton’s divided difference interpolation
formula. Newton’s divided interpolation formula is
f(x) = f(xo0) + (X — Xo0) f(Xo, X1) + (X — Xo0) (X — X1) (X0, X1, X2) + ... H(X — X0) (X — X1)...(X — Xn-1)
f(Xo, X1, X2,...Xn).
Differentiate this equation w.r.t. X as many times as we require and put X = X; , we get the
required derivatives.

Numerical Integration

Numerical Quadrature:
Numerical integration is the process of evaluating a definite integral f:f(x)dx from a set

of known numerical values of the integrand f(x). If it is applied to the integration of a function of
single variable, the process is known as quadrature.
General Quadrature formula for equidistant ordinates (OR) Newton Cote’s Quadrature
formula:

Let y = f(x) be a function which takes the values yo , y1, V2, . . .y corresponding to the

values of the argument xo=a,x1 =a+h,x2=a+2h,..xn=a+nh=Dbsothatb—a=nh. Then




b

nZ Tl3 nZ Azyo n4 s X A3y0
fydx—h[ny0+7Ayo+<?—7> 21 + L +n 30
a

+ ---upto (n + 1)terms]

The Trapezoidal Rule:
Let y = f(x) be a function which takes the values yo , y1, V2, . . .yn corresponding to the
values of the argument xo=a,x1=a+h,x2=a+2h,..xs=a+nh=Dbsothatb—a=nh. Then

b
h
[ rGodx = 2100+ 70+ 200 + 32+ 4 70 )]

Simpson’s One-Third rule:
Let y = f(x) be a function which takes the values yo , y1,¥2, . . .yn corresponding to the

values of the argument xo=a,x1=a+h,x2=a+2h,..xs=a+nh=Dbsothatb—a=nh. Then

b

h
[ FGddx = 100+ 3+ 400+ 35 + 4 30 ) + 200 4 a4 300 ]
a

Simpson’s Three Eighth rule:
Let y = f(x) be a function which takes the values yo , y1,¥2, . . .yn corresponding to the

values of the argument xo=a,x1 =a+h,x2=a+2h,..xs=a+nh=Dbsothatb—a=nh. Then

b

3h
ff(x)dx = ) [Go+ ) +3i +y2 +Ya+ -+ Yp_1) +2(y3 + Y6 + -+ Yn3) |
a

Boole’s rule:
Let y = f(x) be a function which takes the values yo , y1,¥2, . . .yn corresponding to the

values of the argument xo=a,x1 =a+h,x2=a+2h,..xn=a+nh=Dbsothatb—a=nh. Then

b
2h
ff(x)dx = 7c [ 7y0 + 32y, + 12y, + 32y; + 14y, + 32y + -+ 7y, |
a

Weddle’s Rule:
Let y = f(x) be a function which takes the values yo , y1,¥2, . . .yn corresponding to the

values of the argument xo=a,x1=a+h,x2=a+2h, .. xa=a+nh=bso that b —a=nh. Then




b
3h
ff(x)dxz 1—O[y0+5y1+y2+6y3+y4+5y5+2y6+5y7+...+yn]
a

Numerical Solution of Ordinary Differential Equations
Taylor Series:
We consider the differential equation y’ = f(x,y) with initial condition y(xo) = Yo.
If y(x) is the exact solution of given equation, then the Taylor’s series for y(x) around x = Xo IS

given by

(x — xo)zy,, n (x — x)3

21 )0 TG

y(x) =yo + (x —x0)ys +
Picard’s method of successive approximation:

We consider the differential equation y’ = f(x,y) with initial condition y(Xo) = Yo.

If y(x) is the exact solution of given equation, then the Picard’s method is

X
y™ =y, + ff(x,y("‘”)dx

X0

Euler’s method:

Consider the first order differential equation y’ = f{(x,y) with y = yo when X = Xo .
We wish to solve the given equation, for values of y at x = x; where xi = Xo +ih,i=1, 2, 3, ....
then

Yn+1 = Yn + R f(n, yn).

Modified Euler’s Method:

Consider the first order differential equation y’ = f(x,y) with y = yo when X = Xo .
We wish to solve the given equation, for values of y at X = xj where xi = xo +ih,i=1, 2, 3, ....
then

By Euler’s method yl(o) =y + h f(x0,¥0)-
By Modified Euler’s method yl(nH) =y, + % [f(xo,yo) + f(xl,yl(n))] for n = 0,1,2,... where

y1™ is the n™ approximation to y;.
Runge — Kutta method:

Consider the first order differential equation y’ = f(x,y) with y = yo when X = Xo .




We wish to solve the given equation, for values of y at X = Xj where xj = xo + ih,i=1, 2, 3, ....

then

First — order Runge — Kutta method

y1 = Yo +h f(x0,%0)
Second — order Runge — Kutta method

Y1 =0 +5 (ky + kz) where ky = f(x,y0) and ky = h f (%o + b, + ky)
Third — order Runge — Kutta method
Y1 = o+ (ky + 4k + k3)
Where k; =h f(xq,v0)

ko =hf(x+5.50+%2)

k3 = hf(xo +h,y0 +2k2 _kl)
Fourth -Order Runge — Kutta method
Y1 =Yo +%(k1 + 2k2 + 2k3 + k4_)
Whel‘e k1 = hf(xo, yo)
h k
kz = hf(xO +E,y0 +?1)

ks = hf(xo +§J’o +%)
ko =hf(xe+hyo+ks)
Milne’s Predictor formula:
Consider the first order differential equation y’ = f(x,y) with y = yo when X = Xg .

Milne’s predictor formula is

4h , , , 4h
y1f+1 = Yn-3 + ?(23’71—2 ~— Yn-1 + ZYn) = Yn-3 + ?(an—z - fn—l + an)

Milne’s Corrector formula:
Consider the first order differential equation y’ = f(x,y) with y = yo when X = Xo .

Milne’s Corrector formula is

h h
Ynt1 =Yn-1t §(3’1’1—1 +4yn + Yni1) = Yn-1 t §(fn—1 +4f, + fnp+1)

**k*




